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Abstract

We derive theoretical expressions for market betas from a rational expectation equilibrium

model where the representative investor does not observe if the economy is in a recession or an

expansion. Market betas in this economy are time-varying and related to investor uncertainty

about the state of the economy. The dynamics of betas will also vary across assets according

to the assets' cash-�ow structure. In a calibration exercise, we show that value and growth

�rms have cash-�ow structures that imply an opposing beta dynamics that goes in the direction

of solving the value premium puzzle. During high uncertainty periods, value betas are higher

while growth betas are lower. We estimate conditional betas empirically using proxies for

investor uncertainty and show support of the model's prediction about the dynamics of growth

and value betas.

Keywords: Conditional CAPM, Conditional Betas, Uncertainty

JEL Codes: G12, E32, D80

1 Introduction

The conditional Capital Asset Pricing Model (CAPM) does not impose any structure on how

betas should vary. This has largely been tackled from an empirical perspective. Early parametrical

approaches include the multivariate GARCH framework (Bollerslev et al., 1988) and the instrumen-

tal variables betas (Harvey (1989), Harvey and Kirby (1996)). Recent parametric models suggest

treating conditional betas as latent variables: Adrian and Franzoni (2009) suggest using the Kalman

�lter while Ang and Chen (2007) apply Markov-chain Monte-Carlo and Gibbs sampling to obtain

time varying betas. Non-parametric approaches have been suggested by Andersen et al. (2006), who

use high-frequency data to estimate betas and Ang et al. (2006), who point out how asymmetries in
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Gonzalez, Walter Novaes, Bruno Giovannetti, Ruy Ribeiro, and Eric Renault, and seminar participants at University
of North Carolina, Triangle Econometrics Workshop, EAESP-FGV and Lubra�n Meeting. All errors are my own.
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betas may be important. Despite the number of available models, many papers still use the rolling

betas of Fama and MacBeth (1973) to avoid taking a stand on a more restrictive econometric model

(Lewellen and Nagel, 2006).

In this paper, we derive the dynamics of market betas from an economic theoretical perspective.

More speci�cally, we consider a multiple asset version of the rational expectations equilibrium model

of Veronesi (1999), studied by Ribeiro and Veronesi (2002). In this model, the investor is uncertain

about the true distribution of each asset's cash-�ow stream. In particular, the investor does not

observe the drift of the continuous process that characterizes cash-�ows, which can take on two

values according to a Markov-chain process. The two values the drift can take are associated with

good and bad times of the economy. As a result of this uncertainty, investor decisions and pricing

formulas are a�ected by a learning process. We show that in this economy, as in Merton's (1973)

ICAPM, expected returns can be decomposed by the asset's exposures to the two common sources

of risk, the market and a hedging risks. The structure imposed on asset's cash-�ows also allows for

formulas of conditional betas and prices of risk.

In a calibration exercise, we show that the model can capture the cross-section variation of stock

returns with reasonable parameters. We calibrate an economy with cash-�ow data from book-to-

market portfolios, and the model's unconditional moments match the sample moments of returns.

The calibration exercise reveals that the cash-�ow of the value portfolio is much more susceptible

to changes in the economic conditions than the cash-�ow of the growth portfolio. Furthermore,

the calibration also shows that the exposure to the market risk is much more important than the

exposure to the hedging risk, and that a conditional CAPM (with the speci�ed dynamics) can

explain expected returns.

The main �ndings about market betas are the following. First, investor uncertainty about the

state of the economy plays an important role in the dynamics of market betas. Assets that are more

susceptible to changes in the economic conditions tend to have higher betas during periods of high

uncertainty, while assets that are less susceptible tend to have lower betas. For instance, we observe

that value betas tend to be higher during periods of high uncertainty, while growth betas tend to be

higher during periods of low uncertainty. Furthermore, since uncertainty is usually higher during

recessions, this asymmetric behavior of value and growth betas points to a counter-cyclical value

premium. This counter-cyclicality of the value premium predicted by the model is also con�rmed
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empirically by Petkova and Zhang (2005) .

Second, good and bad news about the economy have di�erent impacts on market betas, de-

pending on whether the markets are in good or bad times. Since bad news during good times

tends to increase uncertainty, as opposed to good news during good times which tends to decrease

uncertainty, market betas, that respond to uncertainty, may either increase or decrease, depending

on the sign of news. Because the economy is typically in good times, i.e. expansions last longer

than recessions, the average bad news will increase uncertainty and thus increase the value beta, as

revealed by our calibration exercise.

In order to con�rm if these two theoretical �ndings about market betas are indeed observed

in the data, we perform two empirical exercises with U.S. stock returns data. First, we propose a

model for market betas that relates it to investor uncertainty. The estimated parameters con�rms

the shapes predicted by the model, namely that value betas tend to be higher during periods of high

uncertainty and that growth betas tend to be lower during periods of high uncertainty. Second, we

estimate betas conditional on the sign of returns. The idea is to proxy news by stock returns, and

verify whether value betas conditional on negative news tend to be higher than when conditional

on positive news. Again, the empirical results points in the direction predicted by the model.

Our paper is related to Santos and Veronesi (2004), who derive implications to market betas

within a general equilibrium model. The model assumes that the investor has habit persistent

preferences and that the dividends in the economy are random shares of the total endowment of

the economy. They �nd that betas can be decomposed into a cash-�ow risk and a discount risk

components and that the dynamic of conditional betas is determined by the component that is most

important.

Our �nding that value and growth stocks have opposing cash-�ow dynamics and, as a result,

di�erent pricing dynamics, relates to Koijen et al. (2012). The paper shows that a three factor model

can explain the cross-section of returns of value and growth portfolios. The key factor behind the

result is based on the nominal bond risk premium of Cochrane and Piazzesi (2005), which measures

the cyclical variation in the market's perception of the economy output growth, and is thus similar

to our state variable based on the investor uncertainty about the state of the economy. However,

they consider a static factor model rather than a conditional factor model, and the theoretical

framework is also di�erent than ours.
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The paper proceeds as follows: in section (2), we solve the model and discuss the resulting

asset pricing formulas. In section (3), we calibrate the model with U.S. data. Then, in section (4)

we propose an econometric model that estimates empirically the beta dynamics. We conclude the

paper with a brief summary of the results and some �nal remarks.

2 The Model

The model is a multiple asset version of the rational expectations equilibrium model of Veronesi

(1999) derived by Ribeiro and Veronesi (2002). The authors show how uncertainty about the state

of the world economy can result in the observed excess covariation in international stock markets

during downturns. In this paper, we investigate the dynamics of the di�erent components of the

risk premia and, in particular, how good and bad news are incorporated into market betas.

2.1 The Economy

In this economy, there is one representative investor that maximizes expected utility subject to

a budget constraint. There are n+ 1 �nancial assets, a risk-free asset that is inelastically supplied

with a known rate of return rdt, and n risky assets that pay continuous stream of cash-�ows, given

by:

dDit = θitdt+ σidξt i = 1, ..., n (1)

where dξt is a (n× 1) vector of Brownian motions and σi a (1× n) vector of di�usion coe�cients.

These n expressions can be written in matrix notation as dDt = θtdt+ Φdξt, where θt is the (n× 1)

vector of drift terms θit, and Φ is the (n× n) matrix that stacks the di�usion terms σi. Denote by

Σ = ΦΦ′ the cash-�ow covariance matrix. The market portfolio cash-�ow is de�ned as the sum of

all cash-�ows times the available shares of each asset, Dmt ≡
∑n

i=1 ωiDit, where ω = [ω1, ..., ωn]′

are the available shares.

The investor does not observe the random vector {θt} but knows it can take two values: θG =

[θ1G, ..., θnG]′ in the good state and θB = [θ1B, ..., θnB]′ in the bad state. This random vector

switches between the two states with conditional probabilities that follow a two-state Markov-chain

process with parameters µ, the probability of going to a good state from a bad state, and λ, the

probability of shifting from the good state to the bad state. The same Markov-switching process
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governs the shifts of all drifts and can be associated with business cycles shifts. We say asset i is

cyclical if ∆θi ≡ θG − θB > 0 and countercyclical otherwise.

The investor optimally infers the true drifts of cash-�ows from past observations. That is, he

conditions his beliefs about the true drifts on the information set Ft = σ (Dτ , τ < t). As was shown

by Veronesi (1999), the optimal prediction is conveniently described by a stochastic process. The

following lemma is an extension of the univariate case for multiple assets.

Lemma 1. The investor's belief that the economy is in the good state, πt ≡ Prob (θt = θG|Ft),

evolves according to the stochastic process:

dπt = (λ+ µ) (πs − πt) dt+ πt (1− πt) ∆θ′Φ′−1dvt (2)

where πs = µ
λ+µ is the unconditional probability of πt, ∆θ′ = [θ1G − θ1B, ..., θnG − θnB], and dvt ≡

Φ−1 (dDt − E [dDt|Ft]) is a (n×1) vector of standard Brownian motions with respect to the �ltration

Ft, with E [dDit|Ft] = θiGπt + θiB(1− πt) for i = 1, ..., n.

Proof. It follows from theorem 9.3 in Lipster and Shiryaev (2001).

Note that πt mean reverts towards its unconditional mean, πs, at a rate of λ+ µ. Shocks to dvt

are weighted by a signal to noise ratio, ∆θ′Φ′−1, and by the uncertainty level about the state of the

economy, h (πt) ≡ πt (1− πt). The closer πt is to 0.50, the more uncertain the investor is about the

true state, and the larger the revisions to the conditional probability are. For ease of notation, let

απ ≡ (λ+ µ) (πs − πt) and σ2π ≡ π2t (1− πt)2∆θ′Σ−1∆θ. We will also denote the (1× n) vector by

σπ ≡ πt (1− πt) ∆θ′Φ′−1. Also, note that whenever expansions last longer than recessions, λ < µ,

the unconditional mean πs will be greater than 0.50, that is, the market will be good more often

than not1.

In this economy investor preferences are represented by a constant absolute risk aversion utility

function:

U (c, t) = −exp [−ρt− γc]
1In fact, NBER cycles imply an unconditional mean of around πs = 0.80
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where γ is the coe�cient of absolute risk aversion and ρ the time preference parameter.

Under the incomplete information set, Ft, cash-�ows can be written as dDt = αDtdt + Φdvt,

where αDt = [α1D,t, ..., αnD,t]
′ and αiD,t ≡ θiGπt + θiB(1−πt). The investor's optimization problem

is solved by expressing dDt in terms of the Brownian motion dvt and including πt as a state variable.

Pricing formulas are obtained by imposing a market clearing condition on the available shares of

the risky assets. We refer the reader to the Appendix for a more detailed derivation of the model.

Expected return is de�ned as Reit ≡
dPit
Pit

+ Dit
Pit
dt−rdt and, as in Merton (1973), can be expressed

in terms of compensation to exposures to risk, as we show in the following proposition.

Proposition 2. Expected returns have the following factor representation:

Et [Reit] = λmtβim,t + λπtβiπ,t (3)

where the prices of risk are given by

λmt = rγPmtσ
2
mR,t

λπt = f ′ (πt)− rγS′m (πt)

and conditional betas, de�ned as βim,t ≡
σim,R
σ2
m,R

and βiπ,t ≡ σiπ,R, are given by

βim,t =
Pmt
Pit
× (Aim +Mim(πt))h (πt)

2 + (Bim +Nim(πt))h (πt) + Cim

(Amm +Mmm(πt))h (πt)
2 + (Bmm +Nmm(πt))h (πt) + Cmm

(4)

βiπ,t =
1

Pit

[(
piπ + S′i (πt)

)
h (πt)

2 +
h (πt) ∆θi

r

]
(5)

where A, B, C, M and N are given in proposition (4) in the appendix. The functions f and S are

solutions to di�erential equations given in the Appendix.

Proof. The expression for expected returns (13) follows by rewriting the optimal demand for shares,

equation (10) in Appendix, in terms of expected returns and substituting for the market clearing

condition, X∗t = ω. After scaling by the market variance, σ2m,R, we obtain market betas and prices
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of market risk. The expressions of betas in terms of the primitive parameters of the model follow

after substituting for the covariances and variances given in (4).

The �rst component of expression (3) is the usual conditional CAPM term, with variable beta

and price of risk. The conditional market beta is de�ned as the ratio of the conditional covariance of

asset and market excess returns normalized by the conditional variance of the market excess returns,

βim,t = σim,R/σ
2
m,R. This measure of risk captures the responsiveness of asset returns to changes

in market returns. An asset with a high market beta will be riskier as it ampli�es the volatility, or

risk, of the investor's portfolio. Indeed, the price of market risk is positive as all elements in λmt

are greater than zero, and assets with high betas reward the investor with higher returns.

Since expressions for asset returns are available, given by proposition (4), we can substitute

covariances and variances of returns by their functional forms and link market betas to the param-

eters of the model and the state variables. As equation (4) shows, the market beta is a non-linear

function of πt and depends upon the discounting function S that can only be obtained numerically.

The second term of the expected returns expression (3) results from the time-varying nature of

the investment opportunity set (Merton, 1973). Note that the drift and di�usion terms of stock

returns in equation (13) are functions of the random variable πt and are thus stochastic. Assets

that can help the investor hedge against future changes in pro�tability should be more expensive,

i.e. have lower expected returns. The exposure of an asset to this source of risk is measured by its

factor loading, de�ned as βiπ,t ≡ σiπ,R, and is also equal to (5). We observe that assets that are

very sensitive to changes in πt, and have a large state shift risk, i.e. a large ∆θi, also have large

betas. The price of a unit of such risk is given by λπt and it can be positive or negative, depending

on the function f and the market discount Sm function. For the parameters selected in the next

section, the price of risk is negative at lower values of πt and positive for higher values.

3 Calibration of the Model

In order to draw further conclusions from the above formulas, we calibrate an economy with �ve
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assets, each following one of the �ve book-to-market sorted portfolios, with parameters obtained

from the U.S. economy. The cash-�ow parameters implied by such portfolios varies substantially

across quintiles and provide an appropriate framework for this investigation. This variation across

quintiles is in line with the perception that low book-to-market �rms (growth �rms) derive most

of their pro�tability from future cash-�ows as opposed to value �rms, that derive most of their

pro�tability from current cash-�ows and assets and that, as a result, are more susceptible to the

current economic conditions. Indeed, general equilibrium models that explain the value premium

anomaly2 often explore the di�erences in the investment and cash-�ow characteristics of those �rms

(Berk et al. (1999), Gomes et al. (2003) and Zhang (2005)).

For this calibration, we set the risk aversion parameter equal to one, γ = 1, as in Veronesi

(2004). The other free parameters of the model are calibrated from the U.S. economy. The risk-free

instantaneous rate is set at r = 0.045, a relatively high value but close to the average one month

treasury bill rate on the same period (4.9%).

The free parameters of the cash-�ow processes are: the drift vectors θG = [θ1G, ..., θ5G]′ and

θB = [θ1B, ..., θ5B]′, the di�usion matrix Φ, and the scalars of the Markov-switching transition

matrix µ and λ, that characterize the random switches of the drifts. For the transition matrix, we

select the parameters implied by the NBER cycles data3 from 1956 to 2010. As shown in Panel A

of Table 1, the NBER cycles data indicate 83.3% of the months are expansionary, with an average

duration of a recession of 11 months and of an expansion of 62 months. These numbers imply4 the

following monthly transition matrix parameters: λ = 0.016, the probability of going from the good

state to the bad state, and µ = 0.080, the probability of switching to the good state from the bad

state.

The drifts of the cash-�ows θG and θB are calibrated5 using the moments implied by the log-

dividend growth of the �ve book-to-market portfolios data6, from 1956 to 2010. The log-dividend

2The discrepancy of high and low book-to-market portfolios expected returns relative to the static CAPM predic-
tions.

3http://www.nber.org/cycles.html
4From the NBER average length of an expansion we obtain λ ≡ prob (St+1 = Bad|St+1 = Good) by setting the

average sample duration of an expansions equal to 1/λ. µ ≡ prob (St+1 = Good|St+1 = Bad) is then obtained by
setting µ/ (µ+ λ) equal to the proportion of expansionary months in the sample.

5Because of the assumption that cash-�ows follow arithmetic Brownian motions and that the data actually show
exponential growth of dividends, the parameters used for calibration, based on log-di�erences, are only valid as
approximations, and particularly around cash-�ow levels close to one.

6The data was obtained from the website of Kenneth French.
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growth series are constructed from the di�erence in the monthly returns with and without divi-

dend payouts as in Bansal et al. (2005). In order to avoid seasonal variations typical to dividend

payouts, monthly log-dividend growth are aggregated at the annual frequency. Panel B of Table

1 shows the sample means and the standard deviations of log-dividend growth for the �ve book-

to-market portfolios on the full sample as well as the means and standard deviations conditional

on recessionary and expansionary years7. The log-dividend growth average of the value portfolio

varies the most across the two sub-samples, from −0.130 during recessionary years to 0.109 during

expansionary years. The di�erence in the conditional averages is 0.239. On the other hand, the

log-dividend growth averages of the growth portfolios change the least, 0.058 and 0.046 in recessions

and expansions respectively. The di�erence in the conditional averages is −0.011.

The log-dividend series are very volatile and the distinctive pattern between value and growth

portfolios may not be supported on statistical grounds. However, this pattern is roughly monotonic

across quintiles, particularly the average log-dividend growth during recessions, indicating this to

be an economically meaningful pattern related to the book-to-market ratio. Furthermore, it has

been argued that value �rms are particularly susceptible to economic downturns, which is in line

with our empirical �ndings. For instance, Fama and French (1993) conjectured that value �rms are

riskier than growth �rms because a higher book-to-market ratio associates most often with distressed

�rms. Also, Zhang (2005) characterizes value �rms as those with costly-to-adjust investments (e.g.

asset's in place type of investment) and thus those with cash-�ow more susceptible to adverse

shocks, i.e. recessions, whereas growth �rms as those with more �exible investments scales (e.g.

growth options type of investment) and thus those with cash-�ow less sensitive to �uctuations in

economic conditions. The empirical �ndings above combined with the economic theory indicates

that a reasonable calibration for the changes in the cash-�ow drift, ∆θi = θiG − θiB, to be larger

for the value portfolio and smaller for the growth portfolio.

The numbers chosen for the drifts θG and θB, and di�usion matrix Φ follow the patterns observed

by the data but also are such that the model's implied unconditional excess return are similar to real

data sample averages. Because the model cannot exclude a priori negative prices, this calibration

strategy ensures that prices, and therefore returns, are within a reasonable range.

7A year is considered a recessionary year if �ve or more months are recessionary months according to the NBER
data
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Table 2 shows the parameters chosen for assets 1 to 5, that respectively mimic the lowest to

highest book-to-market quintile portfolios. Asset 1 (A1), that resembles the growth portfolio, has

the lowest state-shift risk among the assets, ∆θ1 = −0.01, the lowest unconditional drift, θ̄1 = 0.04,

and the largest volatility σ1 = 0.16. On the other side is asset 5 (A5), that resembles the value

portfolio. It has the highest state-shift risk, ∆θ5 = 0.23, but also the highest unconditional drift

θ̄5 = 0.062 and the lowest volatility, σ5 = 0.09. Note that this di�usion term is smaller than the

one implied by the data. This was needed to match sample and theoretical returns, a result of

our calibration strategy discussed above8. The correlation parameters, ρij , were set equal to 0.25,

0.15, 0.10 and 0.05 for |i − j| equal to 1, 2, 3 and 4, respectively, and sets a higher correlation to

portfolios with similar book-to-market values. Table 2 also shows the expected excess returns and

deviations at πt = πs implied by the model, i.e. the unconditional moments, as well as the sample

counterparts of the �ve book-to-market portfolios9. A comparison of the values on Panel B and

Panel C shows that the model reproduces the cross-section dispersion on expected returns of the

book-to-market portfolios for reasonable parameters.

Figure 1 shows the model's main expressions for all possible values of πt and �xed cash-�ows

at Dt = 1. On the top-left plot, we see that A1 has the highest price on almost all the domain of

πt. This asset is the least pro�table, as it has the lowest unconditional drift among all cash-�ows,

but also the least susceptible to changes in the economic conditions and so less risky. At the other

extreme is asset A5, which is the most pro�table one, but also the most risky and discounted one,

with the lowest price on almost all the domain of πt. In the top-right plot we see that expected

returns for asset A5 is the most sensitive to πt, changing from 3%, when πt is close to one, to almost

15%, when uncertainty is higher. All the other cyclical assets also have increasing expected returns

on uncertainty, but the change is less substantial. The expected return on the countercyclical asset

A1 slightly declines on uncertainty. The second row in Figure 1 shows covariances of the assets with

the market as well as the variances of asset returns. The shapes are similar to the ones implied by

the risk-neutral case, but peaking slightly to the right of the maximum uncertainty point, around

πt = 0.6.

8If we imposed a higher variance for A5 cash-�ow and kept the state-risk spread, this would have resulted in a
very risky asset with an incompatible high expected returns. We preferred to keep the state-risk spread but reduce
the di�usion risk.

9Cash-�ow levels are set at 1. At this point, the drift parameters better approximate the log-dividend changes
that were used to calibrate them.
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The last four plots in Figure 1 show all the elements in the factor decomposition of excess returns

(2), the market betas, βim,t, hedging betas, βiπ,t, and their corresponding prices, λm,t and λπ,t, as

functions of all possible values of πt and given cash-�ows. First, we observe that the premium

for exposure to market risk is more important than the premium for exposure to hedging risk.

The most sensitive asset to the hedging factor, A5, has the highest absolute hedging premium at

πt = 0.75 when λπtβ5π,t = −1%. At the same point, the risk premium for market risk is much larger,

around λmtβ5m,t = 15%. This con�rms Merton's (1980) observation that the market portfolio is

likely the most important factor determining expected returns and justi�es the assumption made

by Jagannathan and Wang (1996) of hedging motives not being su�ciently important.

Second, market beta of assets with a high and positive ∆θi, such as A5, increases as uncertainty

about the state of the economy increases. Since the investor is risk-averse, the market beta of

asset A5 peaks slightly above10 the point of maximum uncertainty, taking its maximum value of

β5m,t = 1.80 at around πt = 0.60. On the other hand, the beta of asset A1, declines as πt moves

away from 0 and 1, reaching a minimum of β1m,t = 0.40 also around πt = 0.60. We note also that

there is enough variation in betas to make A1 riskier than A5. In periods of low uncertainty, e.g.

when πt > 0.95, the beta of A1 is higher than that of A5.

Third, the price of market risk, or the market premium, is positive and also increasing on

uncertainty. It reaches a maximum of about λmt = 8% at πt = 0.60 and a minimum of λmt = 3%

at πt = 1. At πs = 0.83, the unconditional or long run mean of the random variable πt, the price of

market risk is 6.5% and close to its historical sample mean11.

Finally, time-variation of market betas is relevant to some assets but less important to others.

Figure 1 indicates that for A1 and A5, both the conditional market beta and price of market risk are

equally important for the asset's risk premium. Consider a shift to investor beliefs from π1 = 0.90

to π2 = 0.50. The price of market risk, λmt, increases from 4.93% to 7.81%, a change of 58%.

Likewise, asset A5 beta also change signi�cantly, from 1.33 to 1.87, an increase of 41%. The change

in the asset A1 beta is also important but to the opposite direction, from 0.72 to 0.42, a decrease

of 42%. The variation in the betas is less important than the variation in the price of market risk

for the other assets, as we clearly observe from the plots.

10This rightward shift resulting from increases in risk aversion was also observed, in the single asset case, by Veronesi
(1999).

11The price of market risk is often estimated by the sample mean of the market portfolio excess return.
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The above expressions are for all possible values of πt ∈ [0, 1], but not all are equally likely.

For the chosen parametrization, particularly λ and µ that matches the U.S. business cycles, most

of the mass of the πt distribution is above 0.50, since the economy is most often in expansionary

periods. Thus, on average, negative news about the economic conditions increases uncertainty while

positive news decreases it. Consequently, the response of market betas12 to news is asymmetric due

its (approximately) monotonic relation to uncertainty.

4 Empirical Estimation of Betas

In this section we estimate betas from stock returns data of �rms traded in NYSE, Nasdaq and

Amex markets. The objective is to verify if the patterns predicted by theory are also observed in

the actual returns data. In particular, two of the theoretical implications will be tested. First, if

the conditional betas of value and growth portfolios vary with investor beliefs and with investor

uncertainty. As we have seen, value beta should be higher during periods of high uncertainty, but

lower during periods of low uncertainty. On the other hand, growth beta should be lower during

periods of high uncertainty, but higher during periods of low uncertainty. The second implication

analyzed is whether conditional value and growth betas respond di�erently to positive and negative

news about the economy. In this case, because negative news tends to increase uncertainty and

positive news tends to reduce it, we expect value betas to be higher on negative news and lower on

positive news. We expect the opposite behavior for growth betas.

4.1 Conditional Betas and Uncertainty

Before we proceed with the estimation of conditional betas using as state variables investor

beliefs and uncertainty, we �rst discuss how to obtain proxies of such variables.

4.1.1 Investor Beliefs and Uncertainty

We follow Ozoguz (2009) and infer investor beliefs from market returns. This is done by �tting

a two-state Markov-switching model to the conditional mean and variance of the market returns.

The resulting �ltered probability, π̂t+1 = Prt (statet+1 = good), is then used as a proxy for investor

beliefs about the economy being in the good state. This state is identi�ed as the state with longer

12And also the variance of returns and the covariance of returns with the market.
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duration.

The econometric speci�cation of the two-state Markov-switching model follows Perez-Quiros and

Timmermann (2000):

rm,t = c0,st + c1,stDeft−1 + c2,stTermt−1 + c3,stIt−1 + c4Y ieldt−1 + εt

εt ∼ N (0, hSt) , ln (hSt) = c5,st + c6,stIt−1

where the explanatory variables of the conditional mean of market excess returns, rm,t, are taken

from the predictability literature: the dividend yield on the market portfolio (Y ieldt), the spread on

the yields of the U.S. 10 year and 1 year treasury bonds (Termt), the spread on the corporate bonds

rated BAA and AAA by Moody's (Deft), and the interest rate on the 3 months treasury bill (It).

The error term is assumed to be conditionally normal with a time-switching variance, which is an

a�ne function of the short-run interest rates. The Markov-switching transition matrix parameters

are speci�ed as follows:

pt = Pr (st = good|st−1 = good, zt−1) = φ (d0 + d1∆CLIt−1)

qt = Pr (st = bad|st−1 = bad, zt−1) = φ (d0 + d2∆CLIt−1)

where pt is the probability that at time t the economy is in state st = good, conditional on available

information, zt−1, and on the previous states being good. 1−pt is then probability of switching to the

bad state, st = bad, conditional on the same information. Likewise, qt is the conditional probability

that the economy remains in the bad state and 1−qt that it shifts to the good state. The transition

probabilities have a t subscript because they are allowed to change over time according to the year-

over-year changes of the variable ∆CLIt, a leading indicator of business cycles turning points. φ is

the cumulative normal distribution and ensures that the probabilities pt and qt are numbers between

0 and 1.

The parameters estimated by maximum likelihood on the monthly sample from 1956 to 2010

are shown in Table 3. Our proxy of investor beliefs, the �ltered probability shown in Figure 2 along

with shaded areas denoting NBER recessions, captures reasonably well changes in the states of the

economy. A measure for uncertainty is directly obtained from this proxy of beliefs by computing
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h (π̂t) = π̂t (1− π̂t).

We also consider another proxy for investor uncertainty that is based on the implied volatility of

option contracts on the market portfolio, the VIX index computed by the Chicago Board Options

Exchange (CBOE)13. This index is calculated from the S&P 500 index options and measures the

risk-neutral variance implied by the contracts, with a �xed 30-day maturity. This uncertainty

proxy based on option prices can be justi�ed theoretically, since the market's risk neutral expected

volatility is positively and monotonically related to uncertainty (derivation of risk neutral moments

is available upon request). The advantage of this proxy of uncertainty is that it is model-free, and

can be obtained directly from prices of traded contracts. The disadvantage is the limited sample

size; monthly data is only available since 1990.

The choice of VIX as a proxy is also motivated by the empirical evidence pointing to the

predictive power of the VIX index over stock returns. Bollerslev et al. (2009) have shown that the

di�erence between implied and realized volatility on the market portfolio, what they call the variance

risk premium, is able to explain future market returns, particularly at the quarterly frequency, that

cannot be accounted for by the traditional predicting variables, such as the price-earnings ratio

and default spread. However, the theoretical justi�cation for the predicting properties of the risk-

neutral variance is di�erent than the one suggested here. The authors introduce time-variation in

the volatility consumption process, i.e. the volatility of consumption volatility, which is equivalent,

in their endowment economy, to the volatility of cash-�ow volatility. In our context, risk-neutral

variance, like other variables of interest, is a function of investor uncertainty. And because the

risk-neutral variance is also an exact monotonic function of uncertainty, it works as an appropriate

proxy for the unobserved investor uncertainty.

Table 3 shows the descriptive statistics of the proxies for belief and uncertainty. The two proxies

for uncertainty are correlated only to a certain extent.

4.1.2 Conditional Betas

We have seen in Figure 1 that our model predicts conditional betas to be non-linearly related to

investor beliefs. In order to assess if this is actually observed in the data, we propose the following

13http://www.cboe.com/micro/VIX/historical.aspx
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speci�cation for conditional market betas:

βmi,t = a1,i + a2,iπ̂t + a3,iπ̂
2
t

for i = 1, ..., N , where π̂t is the proxy for investor beliefs described above, and a1,i, a2,i and a3,i are

the parameters to be estimated from data. Assuming observed returns have the factor structure,

Ri,t = αi + βmi,tRm,t + εi,t, i = 1, ..., N , we estimate all the parameters jointly by Generalized

Method of Moments (GMM), using the following moment restrictions:

E

{[
Ri,t − αi −

(
a1,i + a2,iπ̂t + a3,iπ̂

2
t

)
Rm,t

]
⊗ Zt

}
= 0 (6)

where the instruments are Zt =

[
1 Rm,t π̂tRm,t π̂2tRm,t

]′
. In this speci�cation, the system is

exactly identi�ed, with same number of parameters and restrictions, N × 4.

We �rst use the same dataset that calibrated the model in Section 3. This dataset consists of

monthly excess returns from 1956 to 2010 of �ve book-to-market sorted portfolios and the value-

weighted market portfolio from the Center for Research in Security Prices (CRSP). In the top

panel of Table 4, the estimated parameters of the speci�cation (6) have the predicted signs, but

are statistically insigni�cant. The estimated functional forms depicted in Figure 3 indicate that

the conditional beta of the low book-to-market portfolio decreases on uncertainty whereas that of

high book-to-market portfolio increases on uncertainty. We also observe that portfolios with similar

book-to-market ratios share similar patterns; the beta of the fourth quintile (4 Qnt) also increases

on uncertainty, and the beta of the second quintile (2 Qnt) decreases on uncertainty. However, the

variation in the conditional betas, particularly on the two extreme portfolios, the value and growth

ones, does not have the amplitude suggested by the theory.

We also analyze the following dynamics for market betas:

βmi,t = b1,i + b2,iUCt

where UCt is the proxy for uncertainty. We use two proxies for uncertainty, π̂t (1− π̂t) and V IXt, to

assess to which extent the results depend on the proxy chosen. As before, we estimate the parameters
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by GMM to obtain robust covariances by imposing the following set of moment conditions:

E

{
[Ri,t − αi − (a4,i + a5,iUCt)Rm,t]⊗ Zt

}
= 0 (7)

where the instruments are Zt =

[
1 Rm,t UCtRm,t

]′
. As before, the system is exactly identi�ed,

with N × 3 parameters and moment restrictions.

The second, third and fourth panels of Table 4 con�rm the predicted patterns about betas and

uncertainty. For two di�erent proxies of uncertainty, π̂t (1− π̂t) and V IXt, and two di�erent sample

sizes, from March 1956 to December 2010 and January 1990 to December 2010, the estimated coe�-

cients a5,i are generally positive for value portfolios and negative for growth portfolios. Furthermore,

for the model-free proxy, V IXt, the coe�cients are now signi�cantly di�erent than zero.

Similar results arise when we use decile sorts. Tables 5 and 6 show that the lowest deciles

(growth portfolios) tend to have lower betas during periods of high uncertainty. The highest deciles

(value portfolios), however, tend to have higher betas on periods of high uncertainty. In the case of

Table 6, the coe�cients are statistically di�erent than zero (at 10% level).

In this section we have seen how the dynamics of risk di�ers across portfolios. Our empirical

�ndings suggest that market betas of value and growth portfolio do respond di�erently to changes

in uncertainty, as predicted by our theory. Both the more �exible functional form estimated from

(6) and the a�ne function of uncertainty estimated from (7) result in value betas increasing on un-

certainty and growth betas decreasing on uncertainty. The qualitative results remain when another

proxy for uncertainty is used, V IXt, but now with statistical signi�cance. The amplitude of the

variation in conditional betas, however, is smaller than the one predicted by the model. Further-

more, a value premium still remains as can be observed by the signi�cance of the intercepts, αi.

Thus, despite correctly capturing the model's main implications regarding the dynamics of market

betas, and thus going on the direction of solving the value premium, the proposed estimators may

not completely capture the cross-section variation in expected returns. This agrees with Petkova

and Zhang (2005) that, despite conditional betas going in the right direction in explaining the value

premium puzzle, they cannot completely explain it. This point was also made by Lewellen and

Nagel (2006).
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4.2 Conditional Betas and News

In this section we investigate if market betas di�er conditionally on the sign of news. As a proxy

for news, we will use normalized market returns. For this purpose, we follow Ang and Chen (2002),

and de�ne upside beta, β+ (c), and downside beta, β− (c), in the following way:

β+ (c) =
cov (r̃i,t, r̃m,t|r̃m,t > c)

var (r̃m,t|r̃m,t > c)

β− (c) =
cov (r̃i,t, r̃m,t|r̃m,t < −c)
var (r̃m,t|r̃m,t < −c)

where c is the threshold. The return on portfolio i, r̃i,t, and the return on the market portfolio, r̃m,t,

are normalized to have zero mean and unit variance, to allow the thresholds across portfolios to be

comparable. The thresholds will take values between 0 and 1.5. In order to have a larger dataset,

we increase the number of observations by working with weekly returns as opposed to the monthly

frequency used in previous sections. Also, we use here the decile sort on book-to-market.

Figure 5 shows di�erent asymmetric patterns across book-to-market sorted portfolios. The

downside beta of the value portfolio, BE10, is typically higher than the upside betas across all

thresholds. On the other hand, the upside betas of growth portfolios are slightly higher that the

corresponding downside betas. The dynamics on the deciles between the lowest and highest book-

to-market, BE3, BE5 and BE8, con�rms the opposing patterns of value and growth betas.

In order to see if these results are statistically relevant, we need a formal test to verify if such

asymmetries persist after accounting for sample variation. For this task, we use the test suggested

by Hong et al. (2007). The advantages of the test are that it is model-free and relatively simple

to compute. The null hypothesis of symmetric betas across thresholds, c, is tested against no

asymmetries for some c:

H0 : β+ (c) = β− (c) , for all c ≥ 0

Ha : β+ (c) 6= β− (c) , for some c ≥ 0

To compute a statistic to test such hypothesis, let n thresholds c1, ..., cn and de�ne the (n× 1)
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vector β+ − β− = [β+ (c1)− β− (c1) , ..., β+ (cn)− β− (cn)]′. The test statistic is the following:

Jβ = T (β+ − β−)′ Ψ̂−1 (β+ − β−)

where Ψ̂ =
∑T−1

l=1−T k (l/p) γ̂l is a weighted sum of γ̂l, an N × N matrix with (i, j) − th element

given by γ̂l (ci, cj) = T−1
∑T−1

t=|l|+1 ξ̂t (ci) ξ̂t−|l| (cj) and

ξ̂t (ci) =
T − T+
T+

[
(r̃j,t − µ+j (ci)) (r̃m,t − µ+m (ci))

σ2+m (ci)
− β+ (ci)

]
1 (r̃m,t > ci)

−T − T−
T−

[
(r̃j,t − µ−j (ci)) (r̃m,t − µ−m (ci))

σ2−m (ci)
− β− (ci)

]
1 (r̃m,t < −ci)

where T+ is the number of observations when market returns are above ci, µ+ (ci) and σ
2
+ (ci) are

the mean and variance conditional on market returns being above ci. De�ne likewise the variables

below the −ci threshold. The statistic is asymptotically chi-square distributed with n degrees of

freedom, Jβ ∼ χ2
n.

Table 7 shows the results of the asymmetry tests on the betas conditional on market returns

being above and below c's. The tests are conducted for thresholds, c = [0, 0.1, ..., 1.4, 1.5], for each

of the 10 portfolios sorted by book-to-market. The averages of di�erences in betas, β+ − β−, show

the monotonic pattern predicted by our theory. The p-value of the Jβ statistics indicates that this

di�erence is signi�cant only on the extreme portfolios.

5 Conclusion

In this paper we have found new theoretical implications for market betas. In particular, we

have shown that investor uncertainty about the asset's cash-�ow distribution can result in time-

varying market betas. Furthermore, we have shown that assets that are susceptible to changes in

the economic conditions, should be riskier during such periods. In a calibration exercise, we have

found that value portfolios are one of such assets. That is, the market beta of value portfolios

tend to become higher during periods of high uncertainty. On the other hand, growth portfolios

tend to become riskier during periods of low uncertainty. This result points to a counter-cyclical

value premium, a result found empirically by Petkova and Zhang (2005). The opposing cash-�ow

structure of growth and value portfolios found were also in line with Koijen et al. (2012).
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The theoretical expressions for conditional betas were largely con�rmed empirically by our es-

timators of conditional betas using U.S. stock data. As a further development of our results, other

measures of investor uncertainty will be investigated as to improve the empirical evidence of the

model's predictions.
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A The Model

In this appendix we solve the investor problem and derive the asset pricing equations. This model

was also derived by Ribeiro and Veronesi (2002). The problem of the representative investor has two

parts. In the �rst part, the investor optimally infer the conditional means of the cash-�ow processes.

In the second part, the investor maximize the utility function subject to the intertemporal budget

constraint, with choice variables consumption, {ct}, and demand for assets, {Xt}, Xt = [x1t ... xnt]
′.

The maximization is solved using the Bellman-Hamilton-Jacobi equation with two state variables,

wealth, Wt, and the belief πt.

Recall the assumptions about the available assets in this economy. There are n risky assets in

this economy that pay a continuous stream of cash-�ows: dDt = θtdt+Φdξt. The random vector θt,

is not observed by the investor, who only knows the values it can take, [θG, θB], and that it follows

a 2 state Markov process with the following in�nitesimal transition matrix:

M =

 −λ λ

µ −µ


with λ = Prob (θt+dt = θB|θt = θG) and µ = Prob (θt+dt = θG|θt = θB). The lemma (1) shows that

the investor's optimal beliefs about the state of the economy conditional on Ft = σ (Dτ , τ < t) can

be represented by the following stochastic di�erential equation:

dπt = (λ+ µ) (πs − πt) dt+ πt (1− πt) ∆θ′Φ′−1dvt

Under this incomplete information set, Ft, cash-�ows can be written as dDt = αDtdt+ Φdvt, where

αDt = [α1D,t, ..., αnD,t]
′ and αiD,t ≡ θiGπt + θiB(1− πt).

With the optimal beliefs already de�ned, we now turn to the utility maximization problem.

First, since the risk free is inelastically supplied, the budget constraint is given by:

dWt = X ′t (dPt +Dtdt) +
(
Wt −X ′tPt

)
rdt− ctdt

= X ′t (dPt +Dtdt− rPtdt) + (Wtr − ct) dt
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where Xt = [x1t ... xnt]
′ are the demand for asset shares and Pt = [P1t ... Pnt] the asset prices.

As in Veronesi (1999), �rst conjecture a functional form for prices and then �nd are parameters

that solve the problem. The conjectured form is linear in Dt but possibly non-linear in πt, through

the function Si:

Pit = pi0 + piππt + piDDit + pi1 + Si (πt)

and by Ito's lemma we obtain:

dPit = αipdt+ σipdvt i = 1, ..., n

αip =
(
piπ + S′i (πt)

)
απ + piDmit +

1

2
S′′i (πt)h (πt)

2H

σip = h (πt)
(
piπ + S′i (πt)

)
∆θ′Φ′−1 + piDσi

with the simplifying notation απ ≡ (λ+ µ) (πs − πt), h (πt) ≡ πt (1− πt) and H ≡ ∆θ′Σ−1∆θ.

Furthermore, denote the vector of price changes by: dPt = αpdt+ Φpdvt, where αp = [α1p, ..., αnp]
′

and Φp is a n×n matrix that stacks the row vectors σip, and Σp = ΦpΦ
′
p. Substitute the conjecture

prices into the budget constraint to obtain:

dWt =
[
X ′t (αp +Dt − rPt) +Wtr − ct

]
dt+X ′tΦpdvt

Risk Neutral Prices

The parameters p0 = [p10, ..., pn0]
′, pπ = [p1π, ..., pnπ]′ and pD = [p1D, ..., pnD]′ are found by

solving for risk neutral prices, PRNi,t :

PRNi,t ≡ Et

 ∞̂
0

e−rsDi,t+sds

 =

∞̂

0

e−rsEt [Di,t+s] ds

where the equality follows from Foubini's theorem. Since,Di,t+s = Dit+
´ s
0 αiD,t+τdτ+σi (vt+s − vt),

the only conditional expectation that matters is
´ s
0 Et [αiD,t+τ ] dτ . For this, we need the eigendecom-
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position of the in�nitesimal transition matrix M to compute the transition matrix over τ periods.

The eigenvalues of M are 0 and − (λ+ µ) with corresponding eigenvectors [1 1]′ and
[
−1 µ

λ

]′
. The

transition matrix over τ is:

P (τ) =

 1 −1

1 µ
λ


 e0τ 0

0 e−(λ+µ)τ


 1 −1

1 µ
λ


−1

=
1

(λ+ µ)

 µ+ λe−(λ+µ)τ λ− λe−(λ+µ)τ

µ− µe−(λ+µ)τ λ+ µe−(λ+µ)τ


and so Et [αiD,t+τ ] = [πt 1− πt]P (τ) [θiG θiB]′ = θis+∆θi (πt − πs) e−(λ+µ)τ , where πs = µ/ (µ+ λ)

and θis = θiGπs + θiB (1− πs). Now, the conditional expectation of cash-�ows are:

Et [Di,t+u] = Dit +

sˆ

0

[
θis + ∆θi (πt − πs) e−(λ+µ)τ

]
dτ

= Dit + θiss+
∆θi (πs − πt)

λ+ µ

[
e−(λ+µ)s − 1

]

and �nally, risk neutral prices are found by continuously discounting expected dividends at the risk

free rate:

PRNi,t =

∞̂

0

e−rs
[
Dit + θiss+

∆θi (πs − πt)
λ+ µ

[
e−(λ+µ)s − 1

]]
ds

=
Dit

r
+
θis
r2
− ∆θi (πs − πt)

λ+ µ

[
1

r
− 1

(λ+ µ+ r)

]
= pi0 + piππt + piDDit

where

pi0 =
θiB
r2

+
∆θiµ

r2 (λ+ µ+ r)

piπ =
∆θi

r (λ+ µ+ r)

piD =
1

r
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Risk Averse Prices

To solve for the risk aversion case, we need to solve the investor problem:

J (Wt, πt, t) = max
{ct,Xt}

E

 ∞̂
0

U (cs, s) ds


s.t. dWt =

[
X ′t (αp +Dt − rPt) +Wtr − ct

]
dt+X ′tΦpdvt (Budget Constraint)

Xt = [ω1 ... ωn]′ ≡ ω (Market Clearing)

This problem is solved using the Hamilton-Bellman-Jacobi equation:

0 = max
ct,Xt

[
U (ct, t) + Jt + JW

Et [dWt]

dt
+ Jπ

Et [dπt]

dt
+

1

2
JWW

Et
[
dW 2

t

]
dt

+
1

2
Jππ

Et
[
dπ2t
]

dt
+ JWπ

Et [dWtdπt]

dt

]

where we have that:

Et [dWt] =
[
X ′t (αp +Dt − rPt) +Wtr − ct

]
dt

Et
[
dW 2

t

]
= X ′tΣpXtdt

Et [dπt] = απdt

Et
[
dπ2t
]

= h (πt)
2Hdt

Et [dWtdπt] = X ′Φpσ
′
πdt

A solution to problem, c∗t and X
∗
t , satisfy the �rst order conditions:

0 = Uc (c∗t , t)− JW

0 = JW (αp +Dt − rPt) + JWWΣpXt + JWπΦpσ
′
π (8)

In order to advance, we have to conjecture a functional form for the value function. Following the

univariate model of Veronesi (1999), we set J (Wt, πt, t) = −exp (−ρt− rγWt − g (πt)− β) where
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g (πt) is a function to be determined and β a constant to be de�ned. Substituting the partial

derivatives of the conjecture value function and of the utility function, U (ct, t) = −exp (−ρt− γct),

on the �rst order conditions we obtain:

c∗t =
1

γ
(rγWt + g (πt) + β − ln (r)) (9)

X∗t =
1

rγ
Σ−1p (αp +Dt − rPt)−

g′ (πt)

rγ
Σ−1p Φpσ

′
π (10)

We have an extra equation that will help to identify the problem. Evaluate the HJB equation

at the maximum and set it equal to zero:

0 = −exp (−ρt− γc∗t )− ρJ − rγJ
[
X∗′t (αp +Dt − rPt) +Wtr − ct

]
− g′ (πt) Jαπ + (11)

1

2
(rγ)2 JX∗′t ΣpX

∗
t +

1

2

(
−g′′ (πt) + g (πt)

2
)
Jh (πt)

2H + rγg′ (πt) JX
∗′Φpσ

′
π

Before we proceed, we can simplify the expression for αp +Dt− rPt by substituting the parameters

that were obtained for the risk neutral price, pi0, piπ and piD.

αip +Dit − rPit =
(
piπ + S′i (πt)

)
απ + piDDit +

1

2
S′′i (πt)h (πt)

2H +Dit

−r (pi0 + piππt + piDDit + pi1 + Si (πt))

= −rpi1 − rSi (πt) + S′i (πt)απ +
1

2
S′′i (πt)Hh (πt)

2

Take the above simpli�cation, the expression for c∗t from the �rst order condition (9) and the market

clearing X∗t = ω and substitute them in the equality (11) to get:

0 = r − ρ− rγ
[
ω′
(
−rp1 − rS (πt) + S′ (πt)απ +

1

2
S′′ (πt)Hh (πt)

2

)
− g (πt)

γ
− β

γ
+
ln (r)

γ

]
+

rγg′ (πt)
[
ω′
(
h (πt)

(
pπ + S′ (πt)

)
∆θ′Φ′−1 + pDΦ

) (
Φ−1∆θh (πt)

)]
+

1

2
(rγ)2

[
ω′
(
h (πt)

(
pπ + S′ (πt)

)
∆θ′Φ′−1 + pDΦ

) (
h (πt)

(
pπ + S′ (πt)

)
∆θ′Φ′−1 + pDΦ

)′
ω
]

+

1

2

(
−g′′ (πt) + g (πt)

2
)
h (πt)

2H − g′ (πt)απ

where we have used the notation pm1 ≡ ω′p1, pmπ ≡ ω′pπ, ∆θm ≡ ω′∆θ. Also, let σ2ω ≡ ω′Σω

and σiω ≡ e′iΣω denote the variance of the market portfolio cash-�ow and covariance of the market
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and asset i cash-�ows, where ei is a vector with zeros and one the ith position. Note that in the

above equation the S = [S1, ..., Sn]′ vector of functions is multiplied by the market clearing vector

ω and so the equality only depends on Sm ≡ ω′S. After some simpli�cations and substituting

f (πt) = g (πt) + rγSm (πt) we get the following nonlinear di�erential equation for f (πt):

0 = −f ′′ (πt)Q3 (πt) +
(
f ′ (πt)

)2
Q3 (πt) + f ′ (πt)Q2 (πt) + f ′ (πt) r +Q0 (πt)

where

Q3 (πt) =
1

2
h2 (πt)H

Q2 (πt) = γh (πt) ∆θm + rγh (πt)
2H

∆θm
r (r + µ+ λ)

− απ

Q0 (πt) =
1

2
H

(
rγh (πt) ∆θm
r (r + µ+ λ)

)2

+ rγ2h (πt)
∆θ2m

r (r + µ+ λ)

where some extra terms in Q0 (πt) were eliminated after choosing appropriately the parameters β

and p1:

β =
ρ

r
+ ln (r) +

γ2

2r
σ2ω − 1

pi1 = − γ
r2
e′iΣω

which in vector notation is p1 = − γ
r2

Σω. This non-linear di�erential equation f is the same one in

Veronesi (1999) and it was shown there it has a unique solution on the relevant domain, πt ∈ (0, 1).

Next, we have to �nd the individual discounting functions, Si. In order to do so, we use the �rst

order conditions (10) for asset demands, X∗t , and the market clearing condition X∗t = ω to get the

equalities:

rγΣpX
∗
t = (αp +Dt − rPt)− g′ (πt) Φpσ

′
π

rγΣpω =

(
−r − γ

r2
Σω − rS (πt) + S′ (πt)απ +

1

2
S′′ (πt)Hh (πt)

2

)
−
(
f ′ (πt)− rγS′m (πt)

)
Φpσ

′
π

If we left multiply both sides of the above expression by ei, i = 1, ..., n, we get individual expression
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for Si:

rγσim,p =

(
−r − γ

r2
σim − rSi (πt) + S′i (πt)απ +

1

2
S′′i (πt)Hh (πt)

2

)
−
(
f ′ (πt)− rγS′m (πt)

)
σipσ

′
π

that if we substitute for σim,p, σip, σim and σπ and rearrange the terms, we observe that the

market discount function S′m (πt) cancels out and a di�erential equations for each asset i = 1, ...n

is obtained:

0 = S′′i (πt)P3 (πt) + S′i (πt)P2 (πt) + S′i (πt) r + Pi0 (πt)

where

P3 (πt) = −1

2
h2 (πt)H

P2 (πt) = γh (πt) ∆θm + rγh (πt)
2H

∆θm
r (r + µ+ λ)

+ h (πt)
2Hf ′ (πt)− απ

Pi0 (πt) = γh (πt)
∆θi∆θm

r (r + µ+ λ)

(
2 +

h (πt)H

(r + µ+ λ)

)
+ f ′ (πt) ∆θih (πt)

(
h (πt)H

r (r + µ+ λ)
+

1

r

)

This di�erential equation is essentially the same one in Veronesi (1999). We refer the reader to that

paper for a proof that a solution exists on relevant domain, πt ∈ (0, 1). Note that only the last

term, Pi0 (πt), varies across assets. Furthermore, we observe that if two assets have the same ∆θi

they will share the same discounting function.

The following proposition shows that asset prices that solve the investor problem and clear the

market are non-linear functions of the investor beliefs and cash-�ows.

Proposition 3. [Ribeiro and Veronesi (2002)] The following asset prices solve the investor problem

and clear the market:

Pit = p0i +
Dit

r
+ pπiπt + p1i + Si (πt) (12)
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where Si is the solution to a di�erential equation given in the Appendix and

p0i =
θiB
r2

+
(θiG − θiB)

r2 (r + λ+ µ)
µ

pπi =
(θiG − θiB)

r (r + λ+ µ)

p1i = −γσi,m
r2

for i = 1, ..., n. The market portfolio is the aggregate portfolio Pmt =
∑n

i=1 ωiPit.

The Si function in equation (12) discounts cyclical assets and in�ates countercyclical assets, gen-

erating a premium for holding risky assets. This discount (in�ation) reaches a minimum (maximum)

in the interior of πt ∈ (0, 1) if the asset is cyclical (countercyclical).

From asset prices, excess returns, variances and covariances can be obtained by direct application

of Ito's lemma, as the following proposition shows.

Proposition 4. De�ne excess return as Reit ≡
dPit
Pit

+ Dit
Pit
dt − rdt. Then the following continuous

process describes excess returns in terms of the model's parameters:

Reit = αiR,tdt+ σiR,tdvt (13)

αiR =
1

Pit

[
γ

r
e′iΣω − rSi (πt) + S′i (πt)απ +

1

2
S′′i (πt)σ

2
π

]
σiR =

1

Pit

[
e′iΦ

r
+
[
S′i (πt) + pπi

]
πt(1− πt)∆θ′Φ′−1

]

for i = 1, ..., n assets, where ei is a (n× 1) vector of zeros and one at the ith row. For the market

portfolio, set i = m and em ≡ ω. Expected excess returns are then given by Et [Reit] = αiRdt and

covariance between assets i and j, where i, j = 1, ..., n,m, by:

σij,R =
1

PitPjt

[
(Aij +Mij(πt))π

2
t (1− πt)2 + (Bij +Nij(πt))πt (1− πt) + Cij

]
dt
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where

Aij =
∆θi∆θj

r2 (r + λ+ µ)2
∆θ′Σ−1∆θ

Bij = 2
∆θi∆θj

r2 (r + λ+ µ)

Cij =
1

r2
covt (dDit, dDjt)

Mij(πt) = ∆θ′Σ−1∆θ

[
S′i(πt)S

′
j(πt) +

S′i(πt)∆θj + S′j(πt)∆θi

r (λ+ µ+ r)

]

Nij(πt) =

[
S′i(πt)∆θj + S′j(πt)∆θj

]
r

The excess return variance of asset i follows by setting both subscripts above to i.

Proof. It follows by applying Ito's lemma to the de�nition of excess returns.

If the investor is risk-neutral, the discounting function S is zero and expected returns are pro-

portional to the cash-�ow covariance of the asset with the market portfolio, normalized by prices.

If the investor is risk averse, expected returns will also depend on the conditional probability πt

through the S function. Increases in the discounting of prices, −rSi (πt), and in their sensitivity

to πt, S
′
i (πt)απ, imply higher expected returns. Also, higher uncertainty will command higher

expected returns through the term 1
2S
′′
i (πt)σ

2
π. In addition to time-varying expected returns, the

model also implies that return covariance and volatility are stochastic.
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B Tables and Graphs

Table 1: NBER Business Cycles and Book-to-Market Portfolios Log-Dividend Growth

Panel A reports the average number of months and proportion of recessions and expansions according to the NBER

business cycles data. Panel A also shows the Markov-switching transition matrix parameters that is implied by NBER

data, where: λ ≡ prob (St+1 = Bad|St = Good) is obtained by setting the average sample duration of expansion

equal to 1/λ; and µ ≡ prob (St+1 = Good|St = Bad) is obtained by setting µ/ (µ+ λ) equal to the proportion of

expansionary months in the sample. Panel B reports the unconditional and conditional sample moments of the

annual log-dividend growth on the 5 book-to-market portfolios. The lowest quintile portfolio is the growth portfolio

and the highest quintile, the value portfolio. Log-dividend growth series are constructed from monthly returns with

and without dividend payouts, as in pg. 1648 of Bansal et al. (2005). Log-dividend growth is aggregate at the

annual frequency to avoid seasonal variations. Mean and standard deviations are computed for the full sample and

conditional to recessionary and expansionary years, where a year is recessionary if �ve or more months in it were

recessionary according to NBER.

Panel A: NBER Cycles (1956 - 2010)

Sample (Months) Implied Transition Matrix

Recessions Expansions t | t+1 Good State Bad State

Average 11.22 62.22 Good State 0.984 0.016

Proportion 0.17 0.83 Bad State 0.080 0.920

Panel B: Log-Dividend Growth Sample Moments (1956 - 2010)

Mean Standard Deviation

Full Sample Recession Expansion Full Sample Recession Expansion

Growth 0.0487 0.0579 0.0464 0.0888 0.0742 0.0927

Qnt 2 0.0479 0.0324 0.0506 0.1040 0.1089 0.1039

Qnt 3 0.0558 -0.0026 0.0704 0.1021 0.1053 0.0970

Qnt 4 0.0519 -0.0192 0.0697 0.1196 0.1985 0.0848

Value 0.0610 -0.1305 0.1089 0.1769 0.2438 0.1173
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Table 2: Calibration Parameters, Model and Sample Moments

Panel A reports the parameters that calibrated the cash-�ow processes, de�ned by the equation (1). θG,i (θB,i) is the

cash-�ow drift of asset i in the good (bad) state. σD,i is the standard deviation of asset i's cash-�ow. The correlation

parameters, ρij , are set equal to 0.25, 0.15, 0.10 and 0.05 for |i− j| equal to 1, 2, 3 and 4, respectively. Both standard

deviation vector and correlation matrix are used to determine the di�usion term Φ, which is the same across the two

states. Panel B reports the main numbers that result from the calibration and from the model's pricing equations.

∆θi ≡ θG,i − θB,i is a measure of the asset's sensitivity to shifts. θ̄i = πsθG,i + (1− πs) θB,i is the unconditional

or long-run drift, where πs ≡ µ/ (µ+ λ) = 0.83. E [rexi ] is the unconditional excess return or, equivalently, the

conditional excess return when πt = πs. σr,i is the unconditional standard deviation of asset's i excess return or,

equivalently, the conditional standard deviation when πt = πs. Panel C reports the sample moments of the empirical

counterparts in Panel B. The sample moments from the �ve book-to-market portfolios monthly were computed from

monthly data from 1956 to 2010, and then annualized.

Panel A: Calibrated Parameters

A1 A2 A3 A4 A5

θG,i 0.040 0.059 0.066 0.074 0.100

θB,i 0.050 0.000 -0.020 -0.040 -0.130

σD,i 0.160 0.135 0.130 0.130 0.090

Panel B: Model's Implied Parameters

A1 A2 A3 A4 A5

∆θi -0.010 0.059 0.086 0.114 0.230

θ̄i 0.042 0.049 0.052 0.055 0.062

E [rexi ] 3.49% 4.85% 5.51% 5.95% 8.22%

σr,i 0.151 0.135 0.141 0.152 0.213

Panel C: Book-to-Market Sample Parameters

Growth Qnt 2 Qnt 3 Qnt 4 Value

θ̄i 0.049 0.048 0.056 0.052 0.061

σD,i 0.089 0.104 0.102 0.120 0.177

E [rexi ] 3.50% 4.81% 5.96% 6.53% 8.03%

σr,i 0.190 0.166 0.165 0.181 0.198
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Table 3: Descriptive Statistics of Beliefs and Uncertainty Proxies

This Table shows the descriptive statistics of the proxies for investor beliefs and uncertainty. The beliefs proxy, π̂t,

are the probabilities that the economy is in the good state implied by a two-state Markov-switching model �tted

to the excess return on the market portfolio. The uncertainty proxy π̂t (1− π̂t) is directly computed from investor

beliefs, π̂t. The other proxy for uncertainty is V IX, the Chicago Board Options Exchange (CBOE) volatility index,

which is a measure of the implied volatility of S&P 500 index options.

Starting Sample Obs Mean Std Min Max

π̂t Jan-1957 648 0.84 0.20 0.08 0.99

π̂t (1− π̂t) Jan-1957 648 0.09 0.06 0.01 0.25

V IX Jan-1990 252 20.39 7.87 10.42 59.89

Correlations

π̂t π̂t (1− π̂t) V IX

π̂t 1.00 -0.77 -0.62

π̂t (1− π̂t) 1.00 0.52

V IX 1.00
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Table 4: 5 Book-to-Market Portfolios Conditional Betas

This Table shows the GMM estimated parameters from the monthly excess returns on the �ve book-to-market
portfolios from 1956 to 2010 that results from the moment restrictions:

E
{

[ri,t − αi − βmi,trm,t]⊗ Zt
}

= 0

for i = 1, ..., 5. Two di�erent speci�cations for market betas are considered: βmi,t = a1,i + a2,iπ̂t + a3,iπ̂
2
t , denoted

model (M1), and βmi,t = a4,i + a5,iUCt, denoted model (M2). π̂t, is a proxy for investor beliefs implied by the

probabilities of a two-state Markov-switching model �tted to the excess return on the market portfolio. In model (M2),

UCt can be one of two investor uncertainty proxies: UCt = π̂t (1− π̂t), directly obtained from π̂t, or UCt = V IXt,

the Chicago Board Options Exchange (CBOE) volatility index, a measure of the implied volatility of S&P 500 index

options. The instruments used to estimate the parameters in (M1) are Zt =
[

1 rm,t π̂trm,t π̂2
t rm,t

]′
and the

instruments in (M2) are Zt =
[

1 rm,t UCtrm,t
]′
. Both models are exactly identi�ed. The long-run covariance

matrix of the moments is estimated with the Newey-West kernel and the optimal bandwidth.

Growth Qnt 2 Qnt 3 Qnt 4 Value

M1 αi param 0.0031 0.0045 0.0057 0.0063 0.0072

Mar-56 to Dec-10 t-stat 4.47 6.54 7.24 5.87 5.95

a1,i param 1.11 1.00 1.03 0.90 0.94

t-stat 12.92 10.76 14.43 5.74 5.55

a2,i param -0.26 -0.51 -0.63 0.15 0.41

t-stat -0.99 -1.29 -1.60 0.22 0.55

a3,i param 0.20 0.55 0.54 -0.22 -0.45

t-stat 0.97 1.74 1.49 -0.39 -0.70

M2 αi param 0.0031 0.0045 0.0057 0.0063 0.0072

UCt = π̂t (1− π̂t) t-stat 4.44 6.64 7.15 5.85 5.94

Mar-56 to Dec-10 a4,i param 1.05 1.05 0.93 0.82 0.90

t-stat 41.60 39.69 23.72 18.69 15.45

a5,i param -0.05 -0.69 -0.29 0.39 0.52

t-stat -0.21 -3.58 -0.86 0.90 1.00

M2 αi param 0.0028 0.0045 0.0042 0.0046 0.0053

UCt = π̂t (1− π̂t) t-stat 2.39 3.74 2.62 2.22 2.52

Jan-90 to Dec-10 a4,i param 1.03 0.98 0.90 0.81 0.82

t-stat 22.98 17.99 11.18 9.11 8.23

a5,i param -0.14 -0.57 -0.17 0.30 0.88

t-stat -0.39 -1.67 -0.27 0.39 1.03

M2 αi param 0.0021 0.0045 0.0049 0.0058 0.0060

UCt = V IXt t-stat 1.81 3.18 2.68 2.59 2.51

Jan-90 to Dec-10 b4,i param 1.13 0.93 0.77 0.62 0.77

t-stat 24.97 11.32 7.35 4.67 5.36

b5,i param -0.42 -0.09 0.38 0.77 0.59

t-stat -3.29 -0.42 1.46 2.47 1.61
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Table 5: Book-to-Market Betas (Beliefs)

This Table shows the GMM estimated parameters from the monthly excess returns on 10 book-to-market from 1956 to 2010
that results from the moment restrictions:

E
{[
ri,t − αi −

(
a1,i + a2,iπ̂t + a3,iπ̂

2
t

)
rm,t

]
⊗ Zt

}
= 0

for i = 1, ..., 40 where βi,t = a1,i + a2,iπ̂t + a3,iπ̂
2
t . π̂t, is a proxy for investor beliefs implied by the probabilities of a two-state

Markov-switching model �tted to the excess return on the market portfolio. The instruments used to estimate the parameters

in (M1) are Zt =
[

1 rm,t π̂trm,t π̂2
t rm,t

]′
and so the model is exactly identi�ed. The long-run covariance matrix of

the moments is estimated with the Newey-West kernel and the optimal bandwidth.

params t-stat

Portfolios αi a1,i a2,i a3,i αi a1,i a2,i a3,i

Low BEME -0.018 1.000 0.158 -0.085 -1.711 8.66 0.40 -0.26

2 -0.002 1.021 -0.324 0.345 -0.279 13.54 -0.85 1.04

3 0.004 0.798 0.154 0.092 0.551 5.39 0.31 0.24

4 0.005 1.037 -0.550 0.553 0.543 8.49 -1.00 1.17

5 0.016 0.902 -0.346 0.393 1.585 8.81 -0.70 0.89

6 0.017 0.961 -0.305 0.281 1.905 6.50 -0.56 0.64

7 0.020 0.594 1.155 -0.948 1.673 3.42 1.45 -1.43

8 0.031 0.931 -0.024 -0.039 2.366 3.36 -0.02 -0.05

9 0.036 0.790 0.701 -0.624 2.943 4.35 0.91 -0.97

High BEME 0.039 0.966 0.722 -0.715 2.222 3.15 0.67 -0.83
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Table 6: Book-to-Market Betas (Uncertainty)

This Table shows the GMM estimated parameters from the monthly excess returns on 10 book-to-market from 1956 to 2010
that results from the moment restrictions:

E
{
[ri,t − αi − (a4,i + a5,iUCt) rm,t]⊗ Zt

}
= 0

for i = 1, ..., 40 where βi,t = a4,i+a5,iUCt. UCt can be one of two investor uncertainty proxies: i) UCt = π̂t (1− π̂t), di-
rectly obtained from π̂t, the proxy for investor beliefs implied by the probabilities of a two-state Markov-switching model �tted

to the excess return on the market portfolio; and ii) UCt = V IXt, the Chicago Board Options Exchange (CBOE) volatility

index, a measure of the implied volatility of S&P 500 index options. The instruments are Zt =
[

1 rm,t UCtrm,t
]′

and so the model is exactly identi�ed. The long-run covariance matrix of the moments is estimated with the Newey-West kernel

and the optimal bandwidth.

params t-stat

Port. αi a4,i a5,i αi a4,i a5,i
Low BEME -0.014 1.17 -0.39 -0.82 16.04 -1.81

2 0.002 0.96 -0.03 0.12 13.36 -0.22

3 0.005 1.02 -0.35 0.37 8.52 -0.76

4 0.040 0.68 0.89 1.87 6.70 3.79

5 0.027 0.73 0.49 1.16 5.17 1.08

6 0.024 0.68 0.79 1.25 7.34 3.53

7 0.024 0.77 0.19 0.85 5.66 0.70

8 0.046 0.44 1.42 1.79 3.12 3.03

9 0.034 0.75 0.52 1.35 5.75 1.84

High BEME 0.052 0.66 1.32 1.44 3.70 1.97
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Table 7: Asymmetric Betas � β+ (c) and β− (c)

This Table reports the p-values of the statistic Jβ = T (β+ − β−)′ Ψ̂−1 (β+ − β−), where β+ (c) =
cov(r̃i,t,r̃m,t|r̃m,t>c)
var(r̃m,t|r̃m,t>c)

and β− (c) =
cov(r̃i,t,r̃m,t|r̃m,t<−c)
var(r̃m,t|r̃m,t<−c)

, with r̃ denoting standardized returns and c thresholds. The null hypothesis is H0 :

β+ (c) = β− (c) , for all c ≥ 0 versus Ha : β+ (c) 6= β− (c) , for some c ≥ 0. β+ − β− refers to the average of the

vector β+ − β− = [β+ (c1)− β− (c1) , ..., β+ (cn)− β− (cn)]′.

c = [0, 0.1, ..., 1.5]

Portfolios p-value β+ − β−
Low. BEME 0.004 0.037

2 0.451 0.086

3 0.080 0.082

4 0.852 0.054

5 0.564 0.030

6 0.261 -0.050

7 0.990 0.113

8 0.480 -0.045

9 0.102 -0.049

High. BEME 0.049 -0.092
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Figure 1: Theoretical Expressions Conditional on πt
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